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EFFICIENCY OF CONVECTIVE CIRCULAR FINS WITH A 

TRIANGULAR PROFILE 

I. R. Mikk UDC 536.21:621.181.14 

We propose a graph for determining the efficiency factor of circular fins with a 
triangular profile, as well as a table of the principal parameters of such fins with 
minimum mass. 

For circular fins with a triangular profile, of the kind shown in Fig. i, the convective 
heat flux through the base is given by the formula 

, 60 ~o0~ (1) Qo = 2 n q l ~ @ o  (~ ~ 1) !1 = - -  2 n r  I ~ -  

where ~ = r2/r,, O~ is the dimensionless temperature gradient near the base of the fin, and 
q is the efficiency factor of the fin, which depends on the geometric shape of the fin and 
on the dimensionless parameter 

2~12 - -  2 Bi . ( 2 )  

The function q(o) is defined by the relations in Eq. (i): 

20~ 
= -- (~ -5 I)~ (3) 

In order to determine q we need a solution of the differential equation of the tempera- 
ture field, which (p = r/Z; A = 6/60; 8 =@/~o), on the assumption that the heat flux is 
propagated only in the radial direction (one-dimensional problem), has the form 

dp p dp ~ -@@\ dp, -- ~(pO):O" (4) 

For triangular ang trapezoidal profiles the dimensionless thickness A of the fin can be ex- 
pressed linearly in terms of 0: 

A = - - ~  --p. (5) 
~--I 
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Fig. i Fig. 2 

Fig. I. Diagram of a circular fin with triangular profile. 

Fig. 2. Graph for determining the efficiency factor n as a 
function of the parameter ~ = 21/~/~o. 

After introducing the new variable x = o(~/(~- i) -- p) and the notation B = (~ -- i)/~o, we 
finally obtain the differential equation 

deO ( ~3x ) dO __ o 0 x - - q -  1 = (6) 
dx ~ 1 - -  ~x dx 

with the boundary conditions (see [i]) 

x = O ;  --dO = 0 ,  x = ~ ;  O= I. (7) 
dx 

The special case of Eq. (6) when ~ = 0 corresponds to a fin with a large diameter and small 
height and has the general solution 

0 (x) = CJo (2 1 x )  q- Cj< o (2 | / -x) .  (8) 

Fins with a triangular profile have no end face, so that the requirement of zero heat flux 
through the end face, stated in the form of the first boundary condition in (7), becomes triv- 
ial. In this case the constant of integration Ca = 0 [i], and C~ is found from the second 
condition in (7). 

In the case O~ B < i, Eq. (6) can be written 

d20 dO - - 0  dO ~ ([~x)i" (9) 
x dx z + dx dx 

i=1 

The solution of (9) for a triangular fin profile can be written in the form 

0 (x) = C~ [Io (2 V x )  + P (x)l, (10) 

where the first term is the solution of the homogeneous equation with a zero right-hand side, 
and the polynomial 

P (x) = a o -~ alx i a2x 2 + aSx 3-+- . o . (ii) 

is regarded as the particular solution of (9) and is found by the method of successive ap- 
proximations. In practice this leads to a step-by-step determination of the coefficients aj 
according to the following scheme: using the values of the coefficients ao = al = 0, a2, a3, 
..., aj_x, obtained from the previous cycles of the successive approximation, we determine 
0j-x(x) from (i0), After differentiating 0j-:(x) and replacing Io(2/xx)andI~(2~x) withtheir 
series expansions, we add the terms on the right side of (9) with x3-~. The next coefficient 
aj is found from the equation 

a2--  2! 2 ' 3.v -2- -~ [~ ' a 4 =  ~ + 8 -  + 315s 'etc" (13) 

For example, 
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TABLE i. 

l 
1,5 
2 

2,5 
3 
4 
5 
6 
7 
8 

Optimal Characteristics of Circular Fins 

Fin withtriangularprofile Fin with comtant ~ickness 

a ~ v ~ ~ v 

1,7147 
1,2287 
0,9882 
0,8464 
0,7516 
0,6338 
0,5628 
0,5142 
0,4779 
0,4491 

0,5917 
0,6116 
0,6225 
0,6296 
0,6349 
0,6416 
0,6457 
0,6484 
0,6510 
0,6535 

0,7037 
0,5312 
0,4143 
0,3312 
0,2708 
0,1911 
0,1426 
0,1109 
0,0889 
0,0730 

2,0142 
1,5323 
1,2663 
1,1056 
0,9892 
0,8419 
0,7478 
0,6828 
0,6360 
0,6003 

0,6267 [ 1,0085 
0,6361 0,8115 
0,6424 0,6618 
0,6455 0,5490 
0,6488 0,4628 
0,6523 0,3424 
0,6549 , 0,26~5 
0,6567 : 0,2111 
0,6568 ! 0,1735 
0,G571 ! 0,1450 

I 

Thus, after finding C~ from the second 

o (x) 

S i n c e  

boundary condition of (7), we have 

= I o ( 2 V x ) + e ( x )  

Io (2 V ~ )  + P (~) 

(y 

dO dx  

P = ~p- - l  " q ' - - I  

we o b t a i n  from (3) t h e  f o l l o w i n g  f o r m u l a  f o r  n: 
i 

2 dx ,=o 

q)-F1 Io (2 |/(~ ) -+- P ((y) 

1 

dx ,. :o 

10 (2 | /~  ) + p (~) 

(14) 

(15) 

(16) 

Formula (16) was used for constructing the graph shown in Fig. 2 for determining the effi- 
ciency factor ~ as a function of the parameter ~ for various values of ~ = D2/DI. Since 
analogous graphs for other variants of the design shape of the fin are given in [2, 3], for 
better comparability of the graphs we have replaced the parameter a with o, defined on the 
basis of the average thickness of the fin ~ = I/2(60 + O) = I/2~o: 

= 2alZ 4ai2 (17) 

~6 ~6 o 
and on the abscissa axis we have laid off values of r 

The design choice of the fins based on Fig. 2 does not unambiguously answer the ques- 
tion concerning the optimal dimensions of the fins. It is possible to use different variants 
of the geometric dimensions giving us the same thermal efficiency. The choice of fins is 
often optimized by the condition that we must use a minimum amount of material (minimum mass) 
for constructing a fin with a given thermal efficiency. For fins made of a homogeneous ma- 
terial this problem reduces to the condition of minimum volume. Since for the limiting case 

= l(rx ~ =) the volume of a fin of finite dimensions approaches infinity, we shall try to 
find the minimum volume for a fin segment per meter of perimeter of the base: 

r2  @ - - i  

rl 
r I 1 

A f t e r  f i n d i n g  A f rom f o r m u l a  ( 5 ) ,  we can  i n t e g r a t e  ( 1 8 ) ,  and a f t e r  f i n d i n g  6oZ f rom ( i ) ,  
t a k i n g  a c c o u n t  o f  (3) and ( 5 ) ,  we o b t a i n  
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where QI = Qo/2wrx is the thermal effectiveness of the fin per meter of base. For a given 
value of ~ the conditional minimum for V I is obtained when 

OV1/O~ = O. ( 2 0 )  

Equation (20) was solved for a number of values of ~. From the resulting values of ~ we cal- 
culated the corresponding values of ~ by formula (16) and also the relative volumes of the 
fins of optimum design: 

where 

V1 2 qo -+- 2 
v = -- = ( 2 1 )  

V o 3 (~(q~ -+- 1)3q 3 ' 

Q? 
2 ~ z 2 0 ]  �9 

V0 -- ( 2 2 )  

The results of these calculations are shown in Table I. Taking account of the fact that data 
of this kind have not yet been published for fins with constant thickness, we have calculated 
the data for these by a similar method and included them in the table. Using the table, we 
can determine the optimal values of I and ~o for circular fins by formulas (I) and (2), re- 
spectively. 

NOTATION 

aj, coefficients of the polynomial (ii); Bi = ~/%, Biot's similarity number; CI, C2, 
constants of integration; D~, De, inner and outer diameters of the fin; Io, Ko, modified Bes- 
sel functions; l, height of fin; Q, heat flux; r, radius; V, volume of the fin; v, dimension- 
less volume in (21); x, variable; a, heat-transfer coefficient; B = (~ -- i)/~o, coefficient; 
A = 5/~o, dimensionless thickness of the fin; ~, thickness of the fin; ~, efficiency factor 
(3); D, excess temperature of the fin; 0 = $/~, dimensionless excess temperature; %, thermal 
conductivity; p = r/~, dimensionless radius; o, fin parameter in (2); ~ = D2/Dz, ratio of 
diameters. 
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